We provide a method to describe quantum nonlocality for n-qubit systems. By treating the correlation function as an n-index tensor, we derive a generalized Bell inequality. Taking generalized Greenberger-Horne-Zeilinger (GHZ) state for example, we calculate quantum prediction under a series of measurement settings involving various angle parameters. We reveal the exact relationship between quantum prediction and the angle parameters. We show that there exists a set of optimal measurement settings and find the corresponding maximal quantum prediction for n-qubit generalized GHZ states. As an example, we consider an interesting situation involving only two angle parameters. Finally, we obtain a criterion for the violation of the generalized Bell inequality.
I. INTRODUCTION
To demonstrate the nonlocal quantum correlation of quantum system, in 1964, Bell [1] proved that quantum predictions are incompatible with the local hidden variable (LHV) model by a simple logical contradiction. Inspired by this seminal paper, Clauser et al. [2] derived a correlation inequality, namely Clauser-Horne-Shimony-Holt (CHSH) inequality, which provides a way of experimentally testing the LHV theory. Then, a series of multipartite Bell-type inequalities have been proposed [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , where Werner-Wolf-Żukowski-Brukner (WWZB) inequalities [6, 7] are the most important because of the properties of investigating the possible connections between quantum nonlocality and entanglement for n-qubit systems. For two-qubit systems, the theorem of Gisin [14, 15] states that all pure entangled states violate the CHSH inequality. Then, Chen et al. [16] generalized Gisin's theorem to three-qubit system and showed that all three-qubit generalized Greenberger-Horne-Zeilinger (GHZ) states violate a Bell inequality for probabilities. On the other hand, given a set of standard Bell experiment settings involving two dichotomic observables for each position, there exist pure n-qubit entangled states that do not violate any Bell inequality [17] . By now it is an open question whether Gisin's theorem can be generalized to an arbitrary n-qubit system [18] . In any event, the key to investigating Bell inequalities with multipartite correlation functions is to find a set of optimal measurement settings.
Optical quantum systems [19] [20] [21] [22] [23] [24] [25] [26] are prominent candidates for testing nonlocal quantum correlations, since multiphoton entanglement, interferometry and measurement are relatively easy to perform in experiments, as long as the number of photons is not very large. In 2001, Weinfurter andŻukowski [27] proposed a scheme to produce a superposition of four-photon GHZ state with a product state of two Bell states and investigated the features of this state by constructing a Bell-type inequality. By introducing a set of polarization correlation measurements, it has been shown that with a given set of measurement settings the maximal violation of the Bell-type inequality is 4 √ 2/3. Later, with this method, Li and Kobayashi [28] investigated another four-photon superposition state, and more recently, Ding et al. [29] discussed a class of generic superposition of four-photon entangled states with a tunable angle parameter. Of course, a natural question is whether or not the given settings [27] [28] [29] are optimal or unique.
In this paper, we investigate quantum nonlocality for n-qubit entangled states. We first describe a method of treating correlation function as an n-index tensor and then derive a generalized Bell inequality. Under a set of measurement settings involving various angle parameters, we calculate quantum prediction of generalized GHZ states and show the exact relationship between quantum prediction and the angle parameters. We demonstrate that there is a set of optimal measurement settings and obtain the corresponding maximal quantum prediction for n-qubit generalized GHZ states. We analyze the interesting situation involving only two angle parameters in details. Finally, as an important application, a criterion for the violation of the generalized Bell inequality is provided.
II. A GENERALIZED BELL INEQUALITY FOR n-QUBIT SYSTEM
In LHV theory [18] , a correlation function represents an average over many runs of experiment. An n-partite correlation function for two alternative dichotomic measurements is generally given by
where λ is a hidden variable and ρ(λ) is the probability distribution function, φ ki i , (k i = 0, 1) indicates the local phase angle at site i, and I i (φ ki i , λ) = ±1, i = 1, 2, · · · , n, represents the predetermined binary outcomes of the measurements. As described by Weinfurter andŻukowski [27] , one can treat the four-photon correlation function as a four-index tensor. Here we consider an n-index tensor which is obtained by taking the form of a tensor product of n two-dimensional real vectors v
That is, we define a tensor for n-partite system asÊ
Choose two orthogonal unit vectors
Since each of the vectors v 
Let A 0 i = (1, 1) and
The correlation function can be expressed aŝ
where
be the LHV correlation coefficients. Then we havê
Let , then we can use the probability to describe n-partite correlation function (2) asÊ
where p j1,j2,··· ,jn is the probability of v λ i being A ji i , i = 1, 2, · · · , n, j i = 0, 1, 2, 3, i.e., p j1,j2,··· ,jn is the probability of obtaining measurement outcomes A 
Compared with Eq. (8), one gets c j1,j2,··· ,jn = p j1,j2,··· ,jn − p j1+2,j2,··· ,jn − · · · − p j1,j2,··· ,jn−1,jn+2 + p j1+2,j2+2,j3,··· ,jn + · · · −p j1+2,j2+2,j3+2,j4,··· ,jn − · · · .
Then j1,j2,··· ,jn=0,1
This inequality is derived from the natural generalization of the four-qubit correlation inequality [27] to n-qubit systems. It is conventionally referred to as generalized Bell inequality, and can be used to test the LHV theory. It may be equivalent to WWZB inequality [6, 7] and limits the total amount of correlation allowed for the LHV theory.
On the other hand, quantum mechanically, suppose a measurement, described by measurement operator
is performed upon x-port with a detector placed at the corresponding output station, where
φ x is a local phase setting chosen by each of the observers and m x represents the possible measurement result. Consider a standard quantum correlation test, in which each observer chooses between two dichotomic measurements; that is, for each site one can label phase angle φ kx x , k x = 0, 1 and take m x = ±1. For an n-qubit entangled state |ψ n , the probability of outcomes m 1 , m 2 , · · · , m n with the phase settings φ
kn n ) and then the correlation function can be represented by
where the sum is over all possible runs of experiment. This set of operators is sufficient to describe the quantum correlation in contrast to the LHV case. Similarly, the quantum correlation function can also be described by the n-fold tensor
where q j1,j2,··· ,jn = 1 2 n k1,k2,··· ,kn=0,1
are quantum correlation coefficients. Compared with the inequality (12) derived from the LHV correlation, once quantum prediction j1,j2,··· ,jn=0,1
is greater than the classical limit value 1, which means that Bell inequality is violated and quantum nonlocal correlations of quantum system occurs.
III. QUANTUM PREDICTION FOR n-QUBIT GENERALIZED GHZ STATES
In a finite-dimensional Hilbert space, consider an n-qubit generalized GHZ state
where α and β are respectively the complex parameters satisfying the normalization condition |α| 2 + |β| 2 = 1. A computation reveals that the quantum correlation function determined by the dichotomic measurement parameter settings {φ
Without loss of generality we suppose that α and β are real. Then the quantum prediction is j1,j2,··· ,jn=0,1
Let
We obtain the the quantum prediction j1,j2,··· ,jn=0,1
The details of derivation can be found in Appendix A. Eq. (23) is the exact quantum prediction under a series of measurement settings involving various angle parameters. Let l=1,2,··· ,n α l = β 0 . In Appendix B, we prove that the maximum value of the quantum prediction for n-qubit generalized GHZ state is max j1,j2,··· ,jn=0,1
which occurs at β l = (2k + 1)π/4, k = 0, ±1, ±2, · · · , l = 0, 1, 2, · · · , n.
Up to now we have described the method to investigate the generalized Bell inequality. One of the attractive aspects of this result is that it provides a convenient way to choose the optimal measurement settings for testing Bell-type inequalities. In fact, according to this result it turns out that the previous settings [27] [28] [29] are optimal, but not unique.
IV. AN EXAMPLE
As an example, we here discuss an interesting situation involving only two angle parameters. Choose a set of measurement settings satisfying
In this architecture, obviously i=1,2,··· ,n It is easily seen that for the generalized GHZ state, the quantum prediction j1,j2,··· ,jn=0,1
This implies that the quantum prediction of the given n-qubit system varies as two angle parameters θ 1 , θ 2 and the value l.
Here we analyze the quantum prediction for the expression (28) . For the sake of simplicity, we take α = β = 1/ √ 2. As shown in Fig. 1 , taking n = 4 and l = 1 for example, it is straightforward to show that in the range 0 to π/2 the value of quantum prediction varies continuously as angle parameters θ 1 and θ 2 , and the peak 2 √ 2 occurs at θ 1 = π/2 and θ 2 = π/4. Indeed, similar results can be found for any value of n and l. This allows a further simplification in which one of two angle parameters is fixed, and then one can plot quantum prediction as a function of the remaining phase angle. In this way, one may, therefore, optimize the measurement settings. We also take n = 4 for example. Setting θ 1 = π/2 and taking θ = θ 2 , as shown in Fig. 2 , this plot shows the quantum prediction varies as the angle parameter θ over a range from 0 to π/2. By comparing the curves with different values of l, one sees immediately that the maximum value 2 √ 2 occurs at θ 2 = π/4 for l = 1 and l = 3, respectively. To sum up, there are three experimentally significant points in our architecture. (i) The optimal measurement settings are θ 1 = π/2 and θ 2 = π/4 with all odd l, and the maximum of quantum prediction is 2 (n−1)/2 . (ii) For l = 0, it is not the optimal measurement settings and its maximal violation is 2 (n−2)/2 with θ 2 = π/4. (iii) For l = n, with odd l the maximum of quantum prediction occurs at the optimal measurement settings θ 1 = π/2, while for even l it is not the optimal settings. In fact, this result is easy to check directly by inserting θ 1 = π/2 and θ 2 = π/4 into measurement settings (27) . Obviously, with an odd l, we have i=1,2,··· ,n α i = (2k + 1)π/4, β i=1,2,··· ,l = π/4 and β i=l+1,l+2,··· ,n = −π/4, then the maximum of quantum prediction occurs.
V. GENERALIZATION AND APPLICATION
We now consider the generalized GHZ states with complex coefficients α and β. Let αβ * = |αβ * |e −iφ . Then, quantum correlation function can be rewritten as
A similar calculation yields the quantum prediction When φ + l=1,2,··· ,n α l and β l are (2k + 1)π/4 (k = 0, ±1, ±2, · · · ), the maximum value |αβ * |2 (n+1)/2 occurs. According to this result, the generalized Bell inequality will be violated conditioned on
As an important application, this provides a criterion for the violation of the generalized Bell inequality derived from the LHV theory; that is, under the present optimal measurement settings, for |αβ * | ≤ 2 −(n+1)/2 this inequality can not be violated. Especially, for real α and β, if we assume that α = cosξ and β = sinξ, then, consequently, for sin2ξ ≤ 2 −(n−1)/2 the inequality can not be violated, which is consistent with the result in [17] with an arbitrary odd n.
VI. DISCUSSION AND SUMMARY
Having investigated the generalized Bell inequality and its maximal violation, we now discuss the possible experimental realization using optical quantum technologies [19] [20] [21] . One aspect of this framework is the preparation of multiphoton entangled states. With linear optics and multiphoton interferometry, more recently, Pan et al. [30, 31] successively reported two schemes of observing eight-photon and ten-photon entanglement in experiment. By combining pairs of photons emitting from the parametric down-conversion processes [32, 33] , eight-photon or ten-photon GHZ state can be engineered step by step. So, with currently available techniques, here one may produce the generalized GHZ state by considering a tunable angle parameter, which is settled by the orientation of a wave plate [29, 34, 35] . Another way of preparing multiphoton entangled states is to utilize cross-Kerr nonlinearities [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . For example, we may consider an entangler of multiphoton GHZ states proposed by Ding et al. [46] . By resetting an input state (
(n−1)/2 , after the homodyne measurement on the probe beam the entangler is capable of preparing an n-photon generalized GHZ state. The other aspect of the present architecture is concerned with performing polarization analysis. Similar to the four-photon entanglement experiment [47] [48] [49] [50] , polarization analysis in various bases can be performed in each of the n outputs via quarter-and half-wave plates in front of polarizing beam splitters. Taking the settings (27) (with l = 1, θ 1 = π/2 and θ 2 = π/4) for example, the observer at site 1 switches analysis angle between 0 and π/2, and the other observers at sites 2, 3, · · · , n switch analysis angles between ±π/4. When the n photons are detected by single photon avalanche detectors, an n-fold coincidence detection can be registered. With these registrations one can investigate the violation of the generalized Bell inequality.
In summary, we have shown a method to deal with quantum nonlocality for n-qubit systems. Calculating the correlation function as an n-index tensor leads to a generalized Bell inequality. In this architecture, for an arbitrary n-qubit generalized GHZ state, under a set of experimental settings with various angle parameters, we have obtained the exact relationship between the amount of violation of the generalized Bell inequality and the variable angle parameters. By calculating the value of quantum prediction, as a result, we find a set of optimal measurement settings. Furthermore, as an example, we have shown a simplified description of n-qubit system involving two angle parameters. The main result is that when l is odd there exists a set of optimal measurement settings, θ 1 = π/2 and θ 2 = π/4, and otherwise it does not exist. Finally, we calculate the quantum prediction for the generalized GHZ state with complex coefficients α and β. With the modified optimal measurement settings, an important criterion for the violation of the generalized Bell inequality have been demonstrated. Indeed, it is an interesting and useful fact in experimental tests of multipartite Bell-type inequalities. 
we first let
A simple calculation shows that
It follows immediately the definition of α l , β l in Eq. (22) that
Taking the real part of A(j), there is
By calculation, one derive
where the following identities l=1,2,··· ,n
are used in the last equality.
Then we obtain
Therefore, the quantum prediction is given by j1,j2,··· ,jn=0,1
as desired.
Appendix B
By the definition l=1,2,··· ,n α l = β 0 , the quantum prediction j1,j2,··· ,jn=0,1
Obviously, the quantum prediction is the function of n + 1 independent variables β 0 , β 1 , · · · , β n ∈ [0, π] by virtue of the periodic nature of the absolute values of sine and cosine functions. Furthermore, one can divide each of variables
While for β l ∈ [π/2, π], 
We 
